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CHAPTER-17 : THE HYPERBOLA

UNIT TEST-1

1. Find the condition on ‘@’ and ‘b’ for which two 5. If the normals at (x, y); r = 1, 2, 3, 4 on the
22 rectangular hyperbola xy = c? meet at the point

distinct chords of the hyperbola

2a% 2b? -
passing through (a, b) are bisected by the line x +
y =b.

Q(h, k), prove that the sum of the ordinates of the
four points is k. Also prove that the product of the
ordinates is —C*.

) 6. If H (x, y) = O represents the equation of a
. Prove that the length of the tangent at any point of hyperbola and A (x, y) = 0, C(x, y) = O the joint
hyperbola intercepted between the point of contact equation of its asymptotes and the conjugate
and the transverse axis is thg harmonic mean hyperbola respectively, then for any point (c, B)
between the lengths of perpendiculars drawn from in the plane, H (a, B), A(a, B), and C(a, B) are in
the foci on the normal at the same point. AP Prove.
2 2
. A normal to the hyperbola X—z—g—z =1 meets the 1. Let P (a sec a’nb tan a) and Q(a sec j, b tan p),
a where o+ =—, be two points on the hyperbola
axes in M and N and lines MP and NP are drawn 2
perpendicular to the axes meeting at P. Prove xi 3 ﬁ B . . . .
that the locus of P is the hyperbola Z 7 1. If (h, k) is the point of intersection of
2.2 32 2 (2 12\ .
a“x“-b = (a +b ) . the normals at P and Q, then Find k.
. The perpendicular from the centre on the normal ) x? y?
2 42 8. If two points P and Q on the hyperbola — -5 =1
at any point of the hyperbola —z—y—z =1 meet at a b
a® b whose centre is C, are such that CP is perpendicular
R. Find the locus of R. 1 1 1

1
to CQ,a <b,thenprovethat —+——=——-—
Q a p Vi (CP)2 (CQ)Z a2 b2

Hints and Solutions

1. Consider a point on the line x + y = b and then find a

chord with this point as the mid-point. Then substitute
the point in the equation of the chord to get the
condition between ‘a’ and ‘b’.

Let the line x + y = b bisect the chord at P(a, b — o)

.. Equation of the chord whose mid-point is P(c, b — a)
18t xao _y(b—oc)_ a? _(b—oc)2
22> 2b°  2a>  2b*
Since it passes through (a, b)

az(i—ij+a(l—lj:0:a:b
a b b a

2. Proceed according to the question to prove the above

statement.

P S5G e*x, —ae _ ae® —aecos®

P TG e*x;-acos® ae®-acos®
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P e(e—cos0)

P (e —cos0) (e +cos0)

P e+cosH cos0
—= =1+

P e e

cosO

p
Similarly we get 7o 1-

Hence Proved.

. Find the co-ordinates of the point M and N and then
eliminate the parameter between the ordinate and
abscissae.
The equation of normal at the point Q(asec¢,btan¢)
2 2

x
to the hyperbola — 7';/7 =1 isas

a

cos ¢ + by cot ¢ = a? + b? (@

2 2

The normal (i) meets the x-axis in M ( sec (p,OJ

a® +b? can
b P

.. Equation of MB the line through M and perpendicular
to axis, is

2,12
x:[a +b ]secd) or Sec¢:L
a (

a2+b2)

and y-axis in N [O,

... (i)

and the equation of NB the line through N and
perpendicular to the y-axis is

2,12
y:(a;—b]tand) or tan¢ = by

W ... (iii)

The locus of the point is the intersection of MP and NP
and will be obtained by eliminating ¢ from (ii) and (iii),

so we have sec? ¢ —tan®¢ =1

a2x2 b2y?
2 2\ (2 122
(a +b ) (a +b )
or ax? —bzy2 =(a®+b*)?

is the required locus of P.

. Solve the equation of the normal and the equation of
line perpendicular to it passing through the origin. Let
(1, y1) be any point on the hyperbola.

2 2
X1
o @
. oX—X -
Theequationofthenormalat (xy,y;) is " 1 =y7yyl
1 21
a2 b2

or ;%(y—yl)+%(x—x1):0 (ii)

2
ay,

‘m’ of the normal =-—;
bx;

.. The equation of the perpendicular from the centre
(0, 0) on (ii) is

bZ

y=—Lox ...(iii)

a’yy
The intersection of (ii) and (iii) is R and the required
locus is obtained by eliminating x;, y; from (i), (ii) and

(dii).

ey X Y1
From (iii), ZL=2Ll =t (sa

(iii) 2y bx (say)
Putting in (ii), yt(y—bzxt)+xt(x—a2yt) =0

or (x2+y2)t7(a2+b2)xyt2:0

But t — 0 for then (x, ;) = (0, 0) which is not true.

N D
xy(a®+%)°
e )
R
o
or {x2+y2)2.[§1;f;}:(a2+b2)2.

Write the equation of the normal in the parametric
from and then use the theory of equations. Any point

. c
on the curve xy = c? s [ct,;)

The equation of the normal to the hyperbola at the

. C.
point (Ct’;j is

2 C
Here, Xy =cory=—
X

[dlj _ 1
N S
t

. Cc.
.. The equation of the normal at (ct,?j is

c
Z=t%(x—-ct) or ty—c =t3(x —ct)
t



or ct4—t3x+ty—c:0
The normal passes through (h, k). So

ct* —t3h+tk-c=0

c
Let the roots of (i) be t;,ty,t5,t4. Then X, =ct,y, = -

r

. Sum of ordinates =y, +Y,+Y3+Y,4

CL e cC bty tiatyl Tt +hll

=t —t+—+
6, bty by t, tybotaty
—k/c . .
=c- , =k, {from roots of the equation (i) and,
—c/c
product of the ordinates}
c c* c* 4

YV YoYaya = =8 _
PRI Tty ty t, titytst, —c/c

2 .2
X Y
Let H(x,y)=— - -1
Y a b?
2 2
Then, A(X,Y)=x**yf
a“ b
2 .2
and C(X,)’)=x**y*+1
a b

We observe that
2A(0~r B) = H(aa B) + C(aa B)
Hence, H(a,B),A(a,B) and C(a,B) are in A.P

. Equation of normal at P(a sec a, b tan a) and Q(a sec B,
b tan B) are

ax cos o + by cot o = a® + b? (D

ax cos B + by cot B = a® + b?

ax cos(ﬁ—aj+ by cot(E—aj:a2+b2
2 2

= ax sino. + by tano = a? + b? ...(i)
Equation (1) and (2) pass through (h, k) then

ah cos o + bk cot p = a® + b? and ah sin o + bk tan
o = a? + b2

solving above two equations for k, we get

2,12
k:_(a +b J
b
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8. Let P(x, y) be any point on the given hyperbola. Let

slope of CP is m, then equation of CP is y = mx Solving

y = mx an :7}/*2: xizimZxZ:
2 b2 a2 bZ
y
A
P
x,y)
X' < c » X
90°
Q
‘71
y
2 _ azbz
(bz—azmz)
2212
2 2.2 a‘m*b
and y =m‘x T
272
2 asb 2
X“+y 1+m
(bzazmz)( )
5 a2b2(1+m2)
(Cp)” = 2 2 2
(b m°—a )
1 b? —a’m? o)
(cpy? a2b2(1+m2)
and equation of CQ is
1 1
Y =——X replacing m by —— in (1)
m m
2
2 of 1
1 b a( mJ b*m? —a?
then QP = o = 22 (102 ..(2)
azbz[l_{_lsz a ( +m)
m

Adding (1) and (2) then
b? (1+m2)—a2 (1+m2)
a’b? (1 + mz)

1,1
(CP*  (CQ)*

b-d® 1 1

a’b? a®> b?
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